Experimental verification of the commutation relation for Pauli spin operators using 

single-photon quantum interference 
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We report experimental verification of the commutation relation for Pauli spin operators using 
quantum interference of the single-photon polarization state. By superposing the quantum oper- 
ations a^a-x and a^cTz on a single-photon polarization state, we have experimentally implemented 
the commutator, [(Tz,a"a;], and the anticommutator, {crz,ax}, and have demonstrated the relative 
phase factor of n between a^a^ and axO-^ operations. The experimental quantum operation corre- 
sponding to the commutator, [a^, o-^] = kay, showed process fidelity of 0.94 compared to the ideal 
ffy operation and |fe| is determined to be 2.12 ± 0.18. 
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One of the most fundamental differences between clas- 
sical and quantum physics is that, in quantum physics, a 
physical quantity always corresponds to a specific Her- 
mitian operator or an observable and certain pairs of 
observables are non-commuting. In quantum physics, 
as a result, physical quantities that correspond to non- 
commuting observables ^cannot have simultaneous real- 
ity^ As precise knowledge of one physical quantity 
precludes precise knowledge of the other physical quan- 
tity for a pair of non-commuting observables, the com- 
mutation relation is also at the very heart of the Heisen- 
berg uncertainty relation 0, Q . For example, it is known 
that the position, X, and the momentum, P, opera- 
tors of a quantum mechanical particle do not commute, 
[X, P] = XP — PX = ih, and this leads to the position- 
momentum uncertainty relation, AxAp > h/2, which 
can be beautifully demonstrated in a single-slit diffrac- 
tion experiment 4] . It is also interesting to note that the 
position-momentum uncertainty principle, which is de- 
rived from the commutation relation, has long been be- 
lieved to enforce Bohr's complementarity in a two-slit ex- 
periment [S] , although recent research on delayed choice 
quantum erasure ruled out this possibility @ . 

Although the commutation relation has been very well 
understood theoretically, direct experimental verification 
of the commutation relation for a pair of conjugate ob- 
servables has been rather limited. For fermions, Pauli 
anti-commutation has been demonstrated in neutron po- 
larimetry and interferometry 0, For bosons, the com- 
mutator, [a, a^], and the anticommutator, {a, a^}, have 
been demonstrated for the photon creation, a^, and an- 
nihilation, a, operators, implemented with post-selective 
single-photon addition and subtraction operations, re- 
spectively 

In this paper, we report an experimental verification of 
the commutation relation for Pauli spin operators using 



quantum interference of the single-photon polarization 
state. By combining the bosonic interference property of 
a single-photon and Pauli spin operators for the single- 
photon polarization state, we have observed the relative 
phase factor of tt between azCfx and axCTz operations and 
have experimentally verified the quantum operations cor- 
responding to the commutator, [ctz, ax], and the anticom- 
mutator, {(72, ax}, by means of quantum process tomog- 
raphy. 

We begin by introducing the basic idea behind the ex- 
periment. The Pauli spin operators are defined as. 
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and they are essential in describing the unitary evolution 
(i.e., rotation) and the projection measurement of a two- 
level quantum system (i.e., a qubit), such as, the spin 
state of a spin-1/2 fermions (which requires the factor of 
h/2), the polarization state of a single-photon, etc. 

We can observe non-commutativity of the Pauli spin 
operators by applying them on an arbitrary qubit |V'o) = 
a|0) -f/3|l) = (/?). For example, the Pauli spin operators 
az and ax acting on the qubit |-0o) cause the state to 
evolve as 
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It can be seen in the above equations that the order in 
which the operators az and ax are applied to the qubit 
iV'o) affects the outcome, showing non-commutativity of 
the operators. In particular, there exists the relative 
phase difference of tt between eq. (2) and eq. (3) which 
we shall verify experimentally in this paper. 

The commutator and the anticommutator for the az 
and ax operators are given, respectively, as 

[(Tz,<^x]\^1'q) = (cTzax - axaz)\^po) = 2iay\'ipo), (4) 
{az,ax}\i>o) = {cTzax +axaz)\^po) = 0. (5) 
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Also, it is easily shown that [az,az] = and {(Jz,crz} = 
21. Using the above results, it is possible to show that the 
commutator and the anti-commutator, in general, take 
the form 



{cr-j,ak} = '^•15. 



'jki 



(6) 



where the subscripts represent the cartesian coordinates 
X, y, and z, Cjki is the Levi-Civita symbol, and 5jk is 
the Kronecker delta. In this paper, we experimentally 
implement the quantum operations corresponding to the 
commutator, [az,(Jx\, and the anti-commutator, {cr^, <Jx\, 
by superposing dzOx and ax(Jz operations. 

Our choice of the physical system for experimentally 
verifying the commutation relation for Pauli spin op- 
erators is the polarization state of a single-photon or 
the single-photon polarization qubit. This is a particu- 
larly convenient choice as all single-qubit quantum oper- 
ations on the polarization qubit can be implemented with 
half-wave and quarter-wave plates and superpositions of 
quantum states (or operations) can be implemented with 
an interferometer. In particular, if we define |0) as the 
horizontal and |1) as the vertical polarizations, Gx and 
az operations on a polarization qubit can be realized by 
using a half- wave plate with its fast axis oriented at 45° 
and at 0°, respectively, with respect to the vertical po- 
larization. 

The experimental schematic is shown in Fig.[T] A type- 
II PPKTP crystal pumped by a multi-mode diode laser 
operating at 405 nm generates a pair of orthogonally po- 
larized photons via the spontaneous parametric down- 
conversion process. The signal-idler photon pair is then 
split by the polarizing beam splitter PBS. Detection of 
the horizontally polarized idler photon at the trigger de- 
tector signals that the vertically polarized signal photon 
is prepared in the localized single-photon state 
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set of pump blocking dichroic mirrors and a 10 nm band- 
pass filter (not shown in the figure) are used to suppress 
the pump noise. The signal photon is then prepared in 
the arbitrary polarization state \'ip{)) with a set of zero- 
order half- wave and quarter- wave plates (WP). 

If the signal photon gets transmitted at the beam split- 
ter BS, see Fig. [U the polarization qubit \^o) undergoes 
the state transformation, a2(Ji\ipo) / V^. If the signal pho- 
ton gets reflected at BS, the polarization qubit undergoes 
a different state transformation, 1(74(73 1 ■00 )/'\/2. Note 
that the Pauli spin operators (7i, (72, (73, and (74 are all 
implemented with zero-order half-wave plates. The two 
amplitudes (72(7i |Vo)/\/2and i(74(73 It/iq) / \/2 can be coher- 
ently added (or superposed) if the reflected and transmit- 
ted modes are combined at the second beam splitter with 
the path length difference much smaller than the coher- 
ence length of the input signal photon. Thus, at the Dl 
output port of the interferometer, the input qubit 
will be found to have undergone the quantum operation 
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FIG. 1. Schematic of the experiment. The heralded single- 
photon source consists of a diode-laser pumped type-II PP- 
KTP crystal, a polarizing beam splitter PBS, and a trigger 
detector. An arbitrary polarization state |V'o) is prepared 
with a set of half- wave and quarter- wave plate (WP). Pauli 
spin operators are realized with half- wave plates (cri, 02, o"3, 
and (T4) and the operator superposition is implemented with 
the single-photon Mach-Zehnder interferometer. Mirror M is 
used to set the relative phase difference between the two arms 
of the interferometer at the integer multiple of 27r so that de- 
tector Dl is located at the anti-commutator output port and 
detector D2 is located at the commutator output port. A set 
of wave plate WP and a polarizer P can be inserted to D2 
output port for quantum state tomography. 



and, at the D2 output, the input qubit ji/jo) will be found 
to have undergone a different quantum operation 
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(a2crie*'^ -h (74(73), 
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where (f) is the relative phase set by the mirror M. Finally, 
the coincidence events between the detectors D1/D2 and 
the trigger detector are measured. In front of the detec- 
tor D2, a set of half-wave and quarter wave plates (WP) 
and a polarizer P can be inserted for quantum state to- 
mography measurements [l3 | . 

If the single-qubit operations are set such that CT4 = ai 
and a3 = 02 and if (/) = 27rn where n is an integer, the 
single-photon polarization qubit found at Dl and D2 out- 
put ports will have undergone the quantum operations 
corresponding to the anti-commutator, |{(72,(7i}, and 
the commutator, ^[ct2,(7i], respectively. As we are in- 
terested in implementing these operations, for the rest 
of the paper, the quantum operations are restricted to 
(74 = (7i and (73 = (72. 

In the experiment, the single-qubit operations are set 
at either az or at Gx and this can be easily accomplished 
by rotating the angles of zero-order half-wave plates. 
To set the phase ^ properly, we make use of the fol- 
lowing property of the commutator, [A, A] — for any 
operator A, and when this operation is applied to the 
quantum state |'0o)i null outcome is expected. Thus, 
we first set all the single-qubit quantum operations at 



3 



ci = <T2 = (73 = o'4 = (^z and this corresponds to setting 
the fast axes of the zero-order half- wave plates at 0° with 
respect to the vertical polarization. At this condition, if 
the phase </> is set correctly at integer multiples of 27r, 
the detector D2 should register no photons at all (cor- 
responding to the measurement outcome of the ^[ctzjCt^] 
operation, i(-!/)o|[cr2, tTz]'l'[(Tz, CTz] If/jo)) while the detector 
Dl registers the maximum photon count rate (corre- 
sponding to the measurement outcome of the \{(Jz,(^z} 
operation, i(i/'o|{cr2, cr2}'''{CT^, (Tz}|V'o))- Experimentally, 
we scan the mirror M while observing the coincidence 
counts between the trigger detector and D1/D2. The 
mirror position is then fixed at = where the detection 
rates of Dl is at its maximum and D2 is at its minimum. 
See, for example. Fig. [2lja) . (We shall refer to this setting 
as case I.) 

With the phase fixed at (/> = 0, we now set cti = cr4 = 
(Jx while keeping cr2 = cts = CTz. (We refer to this setting 
as case II.) In experiment, this corresponds to rotating 
the fast axes of the zero-order half-wave plates ai and 
CT4 from 0° to 45° with respect to the vertical polariza- 
tion. It is important to make sure that the phase </> set 
in the previous measurement is not affected by the ro- 
tation of the wave plate. In the experiment, we isolated 
the interferometer setup in an enclosure and motorized 
the mirror and the wave plate controls to make sure that 
the wave plate rotation only affects the polarization state 
of the photon. In this setting, the detection events at 
Dl now corresponds to \{'ipo\Wz,o'xVWz,o-x}\tlJo) mea- 
surement and the detection events at D2 corresponds 
to |;(V'o| [cz, crx]^[cz, (Ta;] |'0o) measurement. Due to the 
phase difference of tt shown in eq. (2) and eq. (3) between 
(7z<yx and axCTz operations, we now expect that Dl will 
register no photons but D2 will register the maximum 
photon count rate. 

Therefore, experimental observation of the shift of the 
photo-count distributions from case I (Dl at maximum 
rate; D2 at zero) to case II (Dl at zero; D2 at max- 
imum rate) verifies the relation azCTx = —cTxiyz (i-e., 
WzyCFx} = 0) and allows us to experimentally construct 
quantum operations corresponding to the commutator 
and the anti-commutator for az and <Jx. Note that the 
commutator and the anti-commutator operations corre- 
spond to different output ports of the interferometer. 
The experimental data are shown in Fig. [H^b). The 
changes in the normalized coincidence rates from case 
I to case II indeed show the expected behavior: Dl at 
maximum rate and D2 at zero for case I and Dl at zero 
and D2 at maximum rate for case II. The data, therefore, 
experimentally confirms the phase shift of tt in eq. (2) and 
eq. (3). It is interesting to point out that the tt phase shift 
of this kind cannot be observed by performing quantum 
state tomography. 

Although the data shown in Fig. [2jb) confirms the tt 
phase shift between the operations azC^x and ax(Jz, we 
have yet to confirm the commutator relation [(7z,(Tx] = 



(a) 



1.0 
0.8 
0.6 
0.4 
0.2 

















■ Dl 
• D2 


• 

\ 


1 ■ y 








1 

■ ^ — 
■ / 








■ \ 








■ \ 




■/ 
















■ / 












Am 










■ ^ — 

.._ 


■ 




- % 


• • 






( 


) 


Jt 




2k 





Phase ( 



(b) 



■S 0,8 

a 0.6 
■s 

.E3 0.4 

■a 

i 0.2 

z 

0,0 








Dl 
D2 






















Case I 



Case II 



FIG. 2. (a) All single-qubit operations are set at a\ = gi = 
a-i = G4, = Uz- Solid lines are sinusoidal fits to the data, (b) 
Case I setting: when the phase is set at = 0, events at Dl 
corresponds to ^ ('(/'o|{o"z, crz}^{o"z, o-z}|?/'o) measurement and 
events at D2 corresponds to 3:(V'o|[o"z, (Tzl^ffz, o-zJIt/jo) mea- 
surement. Case II setting: With the phase fixed at = 0, we 
set (71 = = Ox while keeping cr2 = (J3 = ctz. Events at Dl 
now corresponds to \{ipo\{oz,OxY {uz,iyx}\'4>o) measurement 
and events at D2 corresponds to \{i'o\[o'z,o'x\'^[a'z,ax\\it'o) 
measurement. The changes in the normalized coincidence 
rates (from case I to case II) show that there exists the 
phase difference of tt between azOx\'>po) and ctxCTz IV'o), i-e. 



k(7y, where k = 2i theoretically. This requires quantum 
process tomography (QPT) which allows us to experi- 
mentally characterize the set of quantum processes op- 
erated on the input qubit \ipo) [13, [l^. We therefore 
inserted a set of quarter-wave and half-wave plates (WP) 
and a polarizer P in front of D2 and performed quantum 
state tomography for four input qubits \II),\V),\D) — 
^i\H) + \V)) and \R) = ^i\H) - t\V)). The results 
are then used to reconstruct the QPT matrix Xcxp- 

The reconstructed QPT matrix for the experimentally 
implemented ^[(TztCTx] operation is shown in Fig. |3l It 
is evident from the experimental data that the quan- 
tum operation we have implemented experimentally is 
mainly of the ay operation. The process fidelity, defined 
as F = rr[xcxpXidoai], quantifies the quality of the over- 
lap between the experimentally realized operation Xoxp 
and the desired ideal operation Xideai- In experiment, 
the process fidelity of F = 0.94 has been observed with 
Xideai Corresponding to the ideal ay operation. 

So far, we have determined that the commutator 
[cz, ax] is proportional to ay and the proportionality con- 
stant k is yet to be determined. Let us now discuss how 
to determine |fc|. For the input qubit |'0o)i the single- 
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FIG. 3. Experimentally reconstructed QPT matrix Xexp for 
the ^[(^z, cTx] operation. It is clear [a^, a^] operation is mainly 
of the ffy operation. The process fidelity between the experi- 
mentally implemented [(Jz,(Ta;] operation and the ideal ay op- 
eration is 0.94. 

photon transmitted at the first beam splitter (just be- 
fore the second beam splitter) has the quantum state 
o'zO'xl'ipo) / = icTylipo) /V^- Similarly, the single-photon 
reflected at the first beam splitter (just before the second 
beam splitter) has the state iaxCTz\fpo) / = (Jy|^/'o)/-\/2. 
To determine we first record the rate of events at 
D2, N , for the commutator operation to the input state, 
^Wz, crx]|'0o)- We then block the lower path of the inter- 
ferometer to record the rate of events at D2, Nu, corre- 
sponding to CTy |'0o)/2, and block the upper path to record 
the rate of events at D2, Ni, corresponding to iay\tjjo)/2. 
Since |fc| — \ [az,(Tx]/uy\, \k\ can be determined from the 
measured rates using the relation |fc| = N/{Nu + Ni). 
The experimental obtained value is |fc| = 2.12 ± 0.18. 

Determining the phase factor of 7r/2 in k requires ad- 
ditional phase sensitive measurement and, therefore, is 
more difficult than measuring |fc|. For this measurement, 
it is necessary to first interfere the single-photon state 
at D2 output port, [ctz, o'xji'i/'o) = ^CTylV'o); with a single- 
photon field of known polarization, aylipo)- If we then 
replace the quantum operation [ctz , a^] with a single ay 
operation, the phase difference between the two opera- 
tions (coming from 7r/2 phase factor in k) will cause the 
interferometric signal to change and we can use this re- 
sult to determine the phase factor in fc. In our setup, this 
scheme could in principle be implemented by introduc- 
ing an additional beam splitter to split the single-photon 
beam just before the first beam splitter and interfering it 
with the output of the commutator output port of the 
original Mach-Zehnder interferometer. In this experi- 
ment, however, because of the difficulties in assuring the 
interferometric stability for a larger interferometer and 
experimentally implementing replacement of the quan- 
tum operation [az, cFx] with a singl ay operation, we have 
not been able to directly demonstrate the tt/2 phase fac- 
tor in k. 

In summary, we have experimentally verified the com- 
mutation relation for Pauli spin operators using quantum 



interference of the single-photon polarization qubit. We 
have demonstrated that, via single-photon quantum in- 
terference, there exists the relative phase factor of tt be- 
tween the quantum operations azax and axaz- Also, by 
superposing these operations, we have implemented the 
commutator, [az,ax], and the anticommutator, {az,ax}, 
operations on the single-photon polarization qubit. Fur- 
thermore, we have demonstrated experimentally that the 
quantum operation [az,ax] is predominantly a ay oper- 
ation with the profess fidelity of 0.94. Finally, we in- 
terferometrically determined that |fc| = 2.12 ±0.18 for 
the commutation relation [az,ax] = kay. Although we 
have not been able to determine the phase factor in k 
in this experiment, we have proposed a scheme for such 
measurement. 

This work was supported, in part, by the National 
Research Foundation of Korea (2009-0070668 and 2009- 
0084473) and the Ministry of Knowledge and Economy 
of Korea through the Ultrafast Quantum Beam Facility 
Program. YSK acknowledges the support of the Korea 
Research Foundation (KRF-2007-511-C00004). 

Note added.— After completing this manuscript, we 
have become aware of a related work [16i] . 
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